Abstract. The honeycomb problem on the sphere asks for the partition of the sphere into N equal areas that minimizes the perimeter. This article solves the problem when N = 12. The unique minimizer is a tiling of 12 regular pentagons in the dodecahedral arrangement.
Introduction
The classical honeycomb problem asks for the perimeter-minimizing partition of the plane into regions of equal area. The optimal solution is the regular hexagonal honeycomb tiling. This article adapts the planar proof to partitions on the unit sphere. The honeycomb problem on the sphere asks for the perimeter-minimizing partition of the sphere into N equal areas. This article solves the problem when N = 12. The unique minimizer is a tiling of 12 regular pentagons in the dodecahedral arrangements. This problem was solved by L. Fejes Tóth, under an assumption of convexity in [4] .
The hexagonal isoperimetric inequality
The honeycomb theorem in the plane follows by showing that the regular hexagon is the unique minimizer of a particular functional on the set of closed curves with finitely many marked points. This section gives a review of this result. It is the result that will be generalized in this article.
Let Γ be a closed piecewise simple rectifiable curve in the plane. We use the parameterization of the curve to give it a direction, and use the direction to assign a signed area to the bounded components of the plane determined by the curve. For example, if Γ is a piecewise smooth curve, the signed area is given by Green's formula Γ xdy.
Generally, we view Γ as an integral current [11, p.44 ]. We let P be an integral current with boundary Γ. Expressed differently, we give a signed area by assigning an multiplicity m(U ) ∈ Z to each bounded component U of R 2 \Γ. (An illustration appears in Figure 1 .) The area is m(U )area(U ). P is represented by the formal sum P = m(U )U .
Let v 1 , . . . , v t , t ≥ 2, be a finite list of points on Γ. We do not assume that the points are distinct. Index the points v 1 , v 2 , . . . , v t , in the order provided by the parameterization of Γ i . Join v i to v i+1 by a directed line segment f i (take v t+1 = v 1 ). The chords f i form a generalized polygon, and from the direction assigned to the edges, it has a signed area A P ∈ R. Let e i be the segment of Γ between v i to v i+1 . Let f op be the chord f with the orientation reversed. Let x(e i ) ∈ R be the signed area of the integral current bounded by (e i , f op i ). Let E(P ) = {e i } denote the set of edges of P . Accounting for multiplicities and orientations, we have area(P ) = A P + e∈E(P )
x(e).
Let α(P ) = min(1, area(P )).
Define a truncation function τ : R → R by
Recall that the perimeter of a regular hexagon of unit area is 2 4 √ 12. Let L(P ) be the length of Γ. Let N (P ) be the number of points v i on Γ, counted with multiplicities. Let a(N ) = min(2π √ 3/(3N 2 ), 1). The following is proved in [9] . Theorem 1. (hexagonal isoperimetric inequality) Define P , L(P ), N (P ), and a(N ) as above. Assume that the signed area of P is at least a(N (P )).
Equality is attained if and only if P is a regular hexagon of area 1.
The pentagonal isoperimetric inequality
We adapt the inequality of Theorem 1 to pentagons on the unit sphere. The first important difference as we move from the plane to the sphere is that a simple closed curve bounds two simply connected regions. A parameterized simple closed curved can be viewed as giving a positive orientation to one of the regions and a negative orientation to the other. It is not generally clear which area is to be preferred. This ambiguity disappears if we take all areas on the sphere to be defined modulo multiples of 4π. Thus, we define the area bounded by a closed curve as taking values in R/(4πZ). If a parameterized curve bounds an area A ∈ R/(4πZ), then the oppositely parameterized curve bounds an area −A. A representative in R for a constant in R/(4πZ) will be called a real representative. We define mrr : R/(4πZ) → Z (the minimal real representative) to be the function taking each x to the real representative in [−2π, 2π).
We will also make use of the unsigned area of regions, which is the usual Lebesgue measure of a region taking values in the set of non-negative real numbers. Write unsigned(R) for the unsigned area of a region R.
Let Γ be a closed piecewise simple rectifiable curve on the unit sphere.
As before, let v 1 , . . . , v t , t ≥ 2, be a finite list of points on Γ. We do not assume that the points are distinct. Index the points v 1 , v 2 , . . . , v t , in the order provided by the parameterization of Γ. Join v i to v i+1 by an arc f i of a great circle. (The choice of arc will be fixed in a moment.) Take v t+1 = v 1 . Let P be an integral current with boundary Γ. The chords f i form a generalized polygon, and from the direction assigned to the edges, it has a signed area A P ∈ R/(4πZ). If v i and v i+1 are antipodal, there are infinitely many geodesic arcs f i joining v i and v i+1 . In this case, choose f i in such a way that x(e i ) = 0. If v i and v i+1 are not antipodal, then these two points break the great circle through them into two circular arcs f and f . There is a difference of 2π between the signed area of the integral current bounded by (e i , f op ) and that bounded by (e i , f op ). We choose f i = f or f in a way to make x(e i ) have its minimal real representative in [−π, π).
Let E(P ) = {e i } denote the set of edges of P . Accounting for multiplicities and orientations, we have area(P ) = A P + e∈E(P )
x(e) ∈ R/(4πZ).
We emphasize that this identity does not hold in general between the minimal real representatives of the terms.
Define a truncation function τ : R/(4πZ) → R by
Let reg-perim : R/(4πZ)×N → R be the function that gives the perimeter of a regular spherical n-gon of area x. It satisfies reg-perim(−x, n) = reg-perim(x, n).
The perimeter of a regular spherical pentagon in the tiling by 12 pentagons is reg-perim(π/3, 5) ≈ 3.64864. Let p 5 equal this constant.
The function reg-perim is given explicitly by the following Mathematica module. The derivation is a simple calculation based on spherical trigonometry (the spherical law of cosines) and Figure 3 . From this explicit formula, we see that reg-perim(π/3, n) extends to an analytic function of n > 0. Let p 5 be the partial derivative ∂ 2 reg-perim(π/3, 5).
Let circ-perim : [0, 2π) × R/(4πZ) → R be defined as follows. Let ∈ [0, 2π) be the length of an arc of a great circle on the unit sphere. Draw a circle on the unit sphere passing through the two endpoints of the arc with the property that one of the two areas bounded by the arc and the circle is the perimeter of a circle of area x. Explicitly, It equals the perimeter of a regular pentagon of area π/3 in which the geodesic edges have been replaced by arcs of a circle. When x > 0 the edges bulge outward and when x < 0, the edges bulge inward. See Figure 5 .
Because of the absolute value in the formula, it is not obvious that this is differentiable at x = 0. Nevertheless, it turns out to be, and we set B = pent (0).
A calculation shows in fact that Let L(P ) be the length of Γ. Let N (P ) be the number of points v i on Γ, counted with multiplicities. Let
, and B as above. Assume that
Equality is attained if and only if P is a regular spherical pentagon of unsigned area π/3, so that L(P ) = p 5 , T (P ) = 0, N (P ) = 5, and ρ(P ) = 1.
The proof of the main result
This section assumes Theorem 2 and derives the main result from it. The following section will give a proof of the isoperimetric inequality.
Theorem 3. (12 honeycombs on a sphere) Let R 1 , . . . , R 12 be a partition of the unit sphere into 12 measurable sets of equal area (π/3). Let h = H 1 (∪{R 1 , . . . , R 12 }) be the 1-dimensional Hausdorff measure of the current boundary. Then h ≥ 6 reg-perim(π/3, 5). If equality is attained, then up to a set of 1-dimensional Hausdorff measure zero, the current boundary is equal to the perimeter of the tiling by 12 congruent regular spherical pentagons.
In preparation for the proof, we let R 1 , . . . , R 12 be a minimizer of the 1-dimensional Hausdorff boundary subject to the constraints that each area is π/3. A minimizer exists by [10] . The theorem is stated for planar soap bubbles; but the proof carries through without difficulty to a sphere.
By the results of [10] , we may assume various regularity results. Each R i is an open region bounded by finitely many analytic arcs. The collection of arcs meet one another only at their endpoints. The number of arcs meeting at each endpoint is two or three. Call this the degree of the endpoint. Each R i consists of finitely many connected components and each connected component is connected and simply connected. Each connected component P has a finite number of marked points N (P ), determined by the endpoints of arcs of degree three. Each connected component has at least one marked point.
Orient each region by the outward normal on the sphere, so that each signed area area(P ) is positive and equal to the Lebesgue measure of R i .
Since the dodecahedral tiling has perimeter 6 reg-perim(π/3, 5), the minimizer has a perimeter no greater than this constant.
Lemma 4.
In an optimal configuration, the total unsigned area of the connected components of unsigned area at most 0.1 is less than 4.0.
Proof. Each connected component of unsigned area x ∈ (0, 0.1] gives a perimeter at least circ-perim(0, x). The function has negative second derivative so that the perimeter is at least
Each segment of perimeter is shared by at most two such regions. Thus, if the total area is at least 4.0, the total perimeter is at least 4.0 circ-perim(0, 0.1)/0.2 > 6 reg-perim(π/3, 5), contrary to the supposed optimality of the perimeter.
Assume for a contradiction that we have found a strict contradiction to the theorem, that is, a partition into equal areas with perimeter strictly less than 6 reg-perim(π/3, 5). Write this in the form
where the sum extends over connected components R i , and the area fractions ρ i are at most 1 and sum to 12.
We repeatedly modify the set of connected components by picking a connected component of unsigned area at most a(N ), and deleting the edge segments shared with another region. This decreases the number of connected components by one. We continue until all regions satisfy the lower bound a(N ). The regions before this process had areas at most π/3. After the process, because of the lemma, each region R i has area less than π/3 + 4.0 < 2π.
In the previous paragraph we always delete the edge segments with the region that causes the perimeter to decrease the most. Some edge segment has length at least 1/N times the perimeter, where N is the number of junctures of degree 3. The perimeter, by the isoperimetric inequality for spheres [13] , is at most circ-perim(0, x) (that is, the perimeter of a circle of area x). Thus, the perimeter decreases by at least circ-perim(0, x)/N , where
The sum i ρ i is unaffected by merging the two regions (say with indices 1 and 2) if ρ 1 + ρ 2 ≤ 1; that is, ρ 1 = ρ 1 + ρ 2 , ρ 2 = 0. But the sum can decrease if ρ 1 + ρ 2 > 1; that is, ρ 1 = 1, ρ 2 = 0, and ρ 1 + ρ 2 = ρ 1 + ρ 2 . Overall, the left-hand side of Inequality 2 is at most what is was originally plus the term
This term is always non-positive by the inequality |x| ≤ a(N ) and the explicit formula (1). It is zero iff x = 0. Hence, a counterexample remains a counterexample even after the edge deletion process. We drop the primes in notation, and consider Inequality 2 as applying to a partition of the sphere that has no areas less than a(N ).
It is shown in [9] that configuration can be modified so that it is still a counterexample, but so that every region is connected and simply connected, and so that the degree at every marked point is 3. We make this modification here too.
Inequality 2 can be rewritten as
This uses the Euler relation
and the skew symmetry of τ :
In this form, it is clear that the inequality contradicts the isoperimetric inequality for pentagons. This proves that there is no perimeter strictly less than 6 reg-perim(π/3, 5).
Assume that we have a perimeter equal to 6 reg-perim(π/3, 5). As before, we may assume that the boundaries of the regions are analytic arcs. No edges are deleted in the edge-deletion process, because such would lead to a strict inequality. Thus, all areas area at least a(N ) and we can apply the pentagonal isoperimetric inequalities to conclude that each region is a regular pentagon of area π/3. This concludes the proof.
Proof of the isoperimetric inequality
This section gives a proof of the isoperimetric inequality stated in Section 3. The proof is similar to the proof of the hexagonal isoperimetric inequality in [9] .
Estimate 5. If a region has unsigned area x ≤ 2π, the perimeter is at least circ-perim(0, x).
Proof. This is the isoperimetric inequality on a sphere, which can be deduced from the methods of [13] .
Estimate 6. If an n-gon has unsigned area x at most 2π, the perimeter is at least reg-perim(x, n).
Proof. This is [8, Lemma 6.1].
We also use Dido's theorem for a unit sphere. Theorem 7. (Dido) Let R be a region of area x at most π on the unit sphere bounded by a great circle and some other curve C. The length of C is at least that of a semicircle meeting the great circle at right angles and enclosing an area x.
That is, the length is at least circ-perim(0, 2x)/2.
Proof. This follows easily from the isoperimetric inequality.
Proof. This is an elementary consequence of the explicit Formula (1). Proof. This is an interval arithmetic calculation based on the explicit formula for reg-perim. If f is a function, the Mathematica procedure to check that its second derivative is negative on [a, a + nw] is three lines of code (listed below). The result is thus readily checked (with w = 1/1000). 
To prove the pentagonal isoperimetric inequality, we wish to show that I(L(P ), N (P ), T (P ), ρ(P )) is non-negative. Let x i = x(e i ) and t i = τ (x i ), and
Recall that |t i | ≤ τ 0 . We consider several cases. In each successive case, we may assume that at least one of the defining conditions of the previous cases fail. A common technique will be to reflect one arc of the perimeter Γ in such a way that the area increases (but not beyond 2π) and the perimeter remains the same length. Using the negativity of the second derivative of circ-perim and reg-perim, most of the cases reduce to checking that the inequality is satisfied at the endpoints of its domain.
5.1.
Case n ≥ 5 and T abs ≥ 1.301. Recall that we have chosen x i so that |x i | ≤ π, so that Dido's theorem applies. In this case, the inequality follows because the lemma gives i ≥ |t i |circ-perim(0, 2τ 0 )/(2τ 0 ) so that I ≥ I(5, 1.301 circ-perim(0, 2τ 0 )/(2τ 0 ), −1.301, 1) > 0.
We now assume that T abs < 1.301.
5.2.
Case n ≥ 5 and area(P) ≥ 3.474. By the previous case, |T (P )| ≤ T abs < 1.301. Then I ≥ I(5, circ-perim(0, 3.474), −1.301, 1) > 0.
From now on, we assume that if n ≥ 5, then we have area(P) < 3.474.
5.3.
Case n ≥ 5 and some x i > τ 0 . If some x i > τ 0 and some x j < −τ 0 , we may shrink both bounding curves to decrease |x i |, |x j |, and L(P ), while fixing T (P ) and area(P ). This decreases I and transforms any counterexample to a counterexample. If some x j < −τ 0 we may shrink the bounding curve L(P ) to increase x j and area(P ), while maintaining T (P ). This again transforms counterexamples to counterexamples. If area(P ) ever increases to 3.474, we are done by the earlier case. Thus, we may assume that all
Assume some x i > τ 0 . Let t neg = i min(0, t i ). We have T (P ) ≥ τ 0 +t neg . Since x i ≥ −τ i , we have i min(0, x i ) = t neg . If we reflect each negative area x i about the segment f i then P is transformed into a region P of area area(P ) + 2|t neg | ≥ ρ(P )π/3 + 2|t neg |. The area of P is at most 3.474 + 2(1.301) < 2π, so that it falls within the monotonic range of circ-perim. We have
The function on the right is positive for all ρ ∈ [0, 1] and all |t neg | ∈ [0, 1.301], as the explicit formula 1 readily shows.
From now on, we assume that if n ≥ 5, then we have x i ≤ τ 0 for all i. Thus, x i = t i . If some t i < 0 and another t j > 0, we may shrink the bounding curve while maintaining t i + t j and area. This transformation takes counterexamples to counterexamples. Thus, we may assume that all t i have the same sign.
5.4.
Case n = 5, ρ ≥ 0.9957, T (P ) ∈ [−0.0711, 0.117], and some edge f i has arc-length at least 1.
Lemma 10. Let P be a spherical pentagon of area x < 2π on the unit sphere. Assume that it has an edge of arclength at least 1. If the regular pentagon of area x has edges of arclength at least 1, then that pentagon is perimeter minimizing. Otherwise the perimeter minimizer is that with edges 1, u, u, u, u inscribed in a circle. (See Figure 6 .) Proof. The case of 5 equal edge lengths has already been considered. Let us assume that the edge constraint rules out the regular pentagon. The proof of [8, Lemma 6.1] shows that the optimal solution will have edge 1, u, u, u, u, for some u.
The argument that the optimal figure will have a circumscribing circle is classical, at least in the analogous case of the plane. In [7] , it is shown that the optimal polygon among equilateral polygons is the regular polygon. Their argument actually shows that for any three consecutive equilateral sides, the two interior angles along the middle segment are equal. This implies that the pentagon will have equal angles at vertices at the end of two edges of length u. For a pentagon, this is sufficient to give a circumscribing circle. Figure 6 . Perimeter Minimizer with a long edge. Four edges have length u and the top edge has length 1. The angles at the origin are α, β, β, β, β. The arclength of the radius is x. Also, the angle γ is that along the isosceles triangle with base 1 and δ is that along the isosceles triangle with base u.
By simple spherical trig (the law of cosines), the perimeter and area of this pentagon are described parametrically in terms of the arclength x of the radius of the circle. This gives the following parametric equations for perimeter and area. The signed area bounded by the generalized polygon with segments f i is at least ρπ/3 − T (P ), so that T (P ) ≥ ρπ/3 − area x . This gives
The perimeter is increasing in x, for x ≤ π/2. Clearly x ≥ 0.5. If x > 0.7, then perim x > 3.8 and
The area is increasing in x, for x ≤ 0.7. If x < 0.6, then 0.92 < 0.9957π/3 − 0.117 ≤ ρπ/3 − T (P ) ≤ area x < 0.82.
This contradiction shows that we may assume x ∈ [0. 6, 0.7] . For x ∈ [0.6, 0.7], the right-hand side of Inequality 3 is positive, as an easy calculation shows.
5.5. Case n = 5, ρ ≥ 0.9957, T (P ) ∈ [−0.0711, 0.117]. This subsection follows the proof of the hexagonal honeycomb conjecture closely. See [9, Sec. 8] . By the isoperimetric inequality, we may assume that all edges e i are arcs of circles. We may assume that each arc has the same curvature by [10, Thm 2.3, step 3]. Following [9, Prop. 6.1], the perimeter is at least circ-perim(1, |t|/reg-perim(ρπ/3 − t, 5))reg-perim(ρπ/3 − t, 5) ≤ circ-perim(1, |t|/3.65)reg-perim(ρπ/3 − t, 5).
Let C(ρ, t) be the right-hand side of this inequality. We have
The right-hand side is non-negative. We first use interval arithmetic to prove positivity outside the set
Then the ρ-derivative is shown to be negative by another interval arithmetic calculation, and this reduces the problem to ρ = 1. Yet another interval calculation reduces the problem to the interval
Finally an interval calculation shows that the second derivative with respect to t is strictly positive for t ∈ [−0.005, 0.005]. All of these calculations were made with Mathematica's interval function and a few lines of code. Exact arithmetic shows that the function is zero and has zero derivative at t = 0. Thus, t = 0 is the unique minimizer. Equality is achieved iff ρ = 1 and t = 0. In this case, we have a regular pentagon of area π/3.
From here on, we assume that if n = 5, we have ρ ≤ 0.9957 or T (P ) ∈ [−0.0711, 0.117].
5.6. Case n ≥ 5, T (P ) ≥ 0. Define ρ 1 by
Define T 1 by
0.117 n = 5 0.065 n = 6 0.0134 n = 7
For ρ ≤ ρ 1 (n), we find that
by the explicit formula for circ-perim. Assume ρ > ρ 1 (n). For T (P ) ≥ T 1 (N (P )) we have
as we can readily check by looking at the endpoints of functions with negative second derivatives. Assume ρ ≥ ρ 1 (n) and T (P ) ∈ [0, T 1 (N (P ))]. We have reduced to the case N (P ) ∈ [5, 6, 7] . If N (P ) = 5, we assume that ρ ≤ 0.9957. We have I ≥ I(n, reg-perim(ρπ/3 − t, n), t, ρ) > 0 by checking endpoints and using a second derivative test.
Assume that T (P ) ∈ [−1.301, T 0 (n)]. We have
by a second-derivative test. Assume that T (P ) ∈ [T 0 (n), 0]. We may also assume n < 8. Define ρ 2 by
0.913 n = 5 0.952 n = 6 0.99 n = 7.
If we also assume ρ ∈ [0, ρ 2 (N (P ))], we find that
Assuming that ρ ∈ [ρ 2 (n), 0.9957] when n = 5, and ρ ∈ [ρ 2 (n), 1] otherwise, we have I ≥ I(n, reg-perim(ρπ/3 − t, n), t, ρ) > 0 for all T ∈ [T 0 (n), 0] by a second derivative test.
We have now completed the proof of the pentagonal isoperimetric inequality for n ≥ 5. If some x i > τ 0 , we contract the boundary as before to assume that x j ≥ −τ 0 for all i. Reflecting the region corresponding to each t j < 0, we add 2|t j | to the area. The area increases by at most 2τ 0 to at most 3.56 + 2τ 0 . If this is greater than 3.56, it is less than 2π, and the area estimate (4) applies. Thus, we may assume after each reflection that the new area is less than 3.56. We obtain
The right-hand-side is positive for ρ ∈ [0, 1] and |t neg | ∈ [0, 3τ 0 ].
As above, we may assume that
Recall that a(4) = 0.1. We finish the case n = 4 with several estimates. 
5.10.
Case n = 2, Great Circle. There are two types of digons. We call them great circle digons or simple arc digons. Recall that we choose x i so that its minimal real representative lies in the interval [−π, π). A choice of arc f i of a great circle was chosen for each edge e i to make the minimal real representatives lie in the given interval. In the case of a digon the two arcs f 1 and f 2 have the same endpoints. If the endpoints are the two parts of a great circle then we have a great circle digon. If the arcs trace the same path with opposite orientations then we have a simple arc digon. These two types are shown in Figure 7 . Assume we have a great circle digon. We have |A P | = 2π, x 1 , x 2 ∈ [−π, 0], and |x 1 | + |x 2 | + |area(P )| = 2π.
If the area of the digon is at least 2.29, we have
We claim that if the unsigned area |area(P )| of the digon is in [π/3, 2.29], then the area increases to a value in [2.29, 4π − 2.29], upon reflection of the region represented by x 1 (Figure 8 ). This implies that I > 0 by Inequality 5. In fact, after reflection, the area is at most
Recall that
Hence, the area is at least Finally, suppose that the unsigned area of the digon is at most π/3. In this case, we again reflect the areas represented by x 1 . We have |x 1 | = 2π − |area(P )| − |x 2 | ≥ 2π − π/3 − π = 2π/3. So the reflected area R A satisfies 2.29 < 2|x 1 | ≤ R A ≤ π/3 + 2π < 4π − 2.29.
Hence, we may again apply Inequality 5. This completes the case of great circle digons.
5.11. Case n = 2, Simple Arc. In this case, A P = 0 and the signed area is simply x 1 + x 2 .
If T (P ) ≥ 0.271, then the result follows from I ≥ I(2, circ-perim(0, ρπ/3), 0.271, ρ) > 0.
Assume that T (P ) ≤ 0.271. If the area is between 2.29 and 2π, we may apply Inequality 5 to prove that I > 0. Assume that the area is less than 2.29.
If some x i < −τ 0 contract the perimeter increasing x i and the area x 1 +x 2 until either the area becomes 2.29 or x i ≥ −τ 0 . Assume now that x i ≥ −τ 0 .
If some x i > τ 0 contract the perimeter while decreasing x 1 + x 2 until either x i = τ 0 or x 1 + x 2 ≤ π/3. Assume x 1 + x 2 ≤ π/3. We have If x 1 , x 2 ∈ [−τ 0 , τ 0 ] and they have opposite signs, we may contract the perimeter while maintaining x 1 + x 2 = t 1 + t 2 , until they have the same sign.
Finally, assume that x 1 , x 2 ∈ [−τ 0 , τ 0 ] and that they have the same sign.
0.271 ≥ T (P ) = t 1 + t 2 = x 1 + x 2 = |area(P )| ≥ 0, so the sign is positive. Assume that ρ ≥ a(2) = 0.1 (as allowed by the hypothesis of the pentagonal isoperimetric inequality). We have I ≥ I(2, circ-perim(0, ρπ/3), ρπ/3, ρ) > 0, for ρ ∈ [0.1, 1].
Concluding Remarks
The method of the honeycomb conjecture is seen to extend to the spherical case. As a further test of the generality of the method, it would be interesting to see whether the method can be used to prove the corresponding results for N = 3, 4, and 6 regions of equal area. A further test of the method would be to extend it to the honeycomb problem in the hyperbolic plane. I am not aware of any obstructions to doing so.
My motivation for pursuing the case of a sphere is that for N = 1, 2, 3, 4, 6, 12, the optimal solution will not consist of congruent regular polygons. The study of these irregular cases can lead us to valuable insights into problems such as the Kelvin problem, where the best known solution contains two types of cells. As a preliminary step, it is necessary to develop the spherical theory at a level comparable to what has been done for the plane. That is the purpose of these calculations.
